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Abstract
We present a deformed algebra related to the q-exponential and the q-logarithm
functions that emerge from nonextensive statistical mechanics. We also develop a
q-derivative (and consistently a q-integral) for which the q-exponential is an eigen-
function. The q-derivative and the q-integral have a dual nature, that is also pre-
sented.
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1 Introduction
The definition of the so-called nonextensive entropy, Sq ≡ k(
∑W
i p
q
i−1)/(1−q)
(q ∈ R is the nonextensive entropic index, k is a positive constant which defines
the unity in which Sq is measured), and its applications to nonextensive ther-
mostatistics (NEXT) [1,2] have opened new possibilities for the thermodynam-
ical treatment of complex systems [3], with a continuously increasing number
of works (for an updated bibliography, see Ref. [4]). Nonextensive statisti-
cal mechanics has been treated basically along three (complementary) lines:
formal mathematical developments [5,6] (in which this paper is included), ob-
servation of consistent concordance with experimental (or natural) behavior
[5], and theoretical physical developments [7] (see Ref. [8] for some epistemo-
logical remarks on NEXT).
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The basis of the formal developments inspired in NEXT is the definition of
deformed expressions for the beautiful and ubiquitous logarithm and exponen-
tial functions, namely, the q-logarithm and the q-exponential, first proposed
within this context in 1994 [9]:
lnq x ≡
x1−q − 1
1− q
(x > 0), eq(x) ≡ [1 + (1− q)x]
1
1−q
+ (x, q ∈ R), (1)
where [A]+ ≡ max{A, 0}. Note that eq(x) = +∞ if q > 1 and 1 + (1 −
q)x ≤ 0. Of course there are infinitely many ways of generalizing a function,
and many have already been proposed, for instance (see Ref. [10]), expq x ≡∑
∞
n=0 x
n/[n]q!, with [n]q! =
∏n
j=1[j]q and [j]q = (q
j − 1)/(q − 1) and also
[0]q! = 1, but we focus here specifically on those ones that naturally emerge
from NEXT (Eq. (1)). Some works have appeared developing properties of such
q-deformed functions, e.g., Ref. [11,12,13,14,15,16], and have also stimulated
the definition of other (alternative) deformations, as in Ref. [17,18,19].
It is remarkable that in less than one decade (since Ref. [9]) these functions
(lnq x and eq(x)) have become so popular among the practitioners of NEXT
that in many papers they are referred to as if they were known since long,
which is a very positive symptomatic behavior. And they are known since
long, indeed: the q-exponential is a particular solution of Bernoulli’s equation,
known by Leibniz (according to Refs. [20,21]). (The independent re-discovering
of laws, natural phenomena etc. is much more frequent in science than one
outsider would be inclined to think.)
This paper presents some formal, and curious, properties of q-exponentials
and q-logarithms, hopefully inspiring for further developments. In some sense,
we follow the work of Kaniadakis, who has explored his own κ-deformation of
the exponential and logarithm functions [17,18,19].
2 q-Algebra 1
We focus on the (now well known) following relations:
lnq(xy) = lnq x+ lnq y + (1− q) lnq x lnq y (2)
(which justifies the terminology “nonextensive”) and
eq(x) eq(y) = eq(x+ y + (1− q)xy), (3)
1 We point out that parts of the contents of this section have appeared indepen-
dently and almost simultaneously in the early versions of Ref. [22] and also in the
early version of the present work, as explained in the Acknowledgments.
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which holds if eq(x) and eq(y) differ from zero and from +∞. These properties
inspire us to define a generalization of the sum operation between two numbers
x and y:
x⊕q y ≡ x+ y + (1− q)xy, (4)
which brings the usual sum as a particular case ⊕1 ≡ +. The q-sum is commu-
tative (x⊕q y = y⊕q x), associative (x⊕q (y⊕q z) = (x⊕q y)⊕q z), but it is not
distributive in relation to the usual multiplication (a(x ⊕q y) 6= (ax ⊕q ay)).
The neutral element of the q-sum is zero, x ⊕q 0 = x. We can define the op-
posite (or inverse additive) of x (calling it ⊖qx) as the element that, when
q-summed with x, yields the neutral element: x⊕q (⊖qx) = 0. So, we have
⊖q x ≡
−x
1 + (1− q)x
(x 6= 1/(q − 1)). (5)
This definition permits us to define the q-difference, as the q-sum with the
q-opposite
x⊖q y ≡ x⊕q (⊖qy) =
x− y
1 + (1− q)y
(y 6= 1/(q − 1)). (6)
The q-difference obeys x ⊖q y = ⊖qy ⊕q x and x⊖q (y ⊖q z) = (x ⊖q y)⊕q z,
but a(x⊖q y) 6= (ax⊖q ay).
We now search for a generalization of the multiplication operation in such a
way that we can compactly rewrite Eqs. (2) and (3) as lnq(x⊗qy) = lnq x+lnq y
and eq(x)⊗q eq(y) = eq(x+y). This leads us to the definition of the q-product
between two numbers
x⊗q y ≡
[
x1−q + y1−q − 1
] 1
1−q
+
(x, y > 0). (7)
The q-product is commutative (x⊗qy = y⊗qx) and associative (x⊗q (y⊗qz) =
(x ⊗q y)⊗q z), provided x ⊗q y and y ⊗q z differ from zero and from infinity.
It is easy to see that the number one is the neutral element of the q-product
(x⊗q 1 = x), and this permits us to define the inverse multiplicative, 1 ⊘q x,
by means of x⊗q (1⊘q x) ≡ 1. We find
1⊘q x ≡
[
2− x1−q
] 1
1−q
+
(x ≥ 0). (8)
The relation 1⊘q (1⊘q x) = 1 holds only if 0 ≤ x
1−q ≤ 2. It is curious to note
that 1⊘q 0 does not diverge for q < 1. The q-ratio is thus defined by
x⊘q y ≡
[
x1−q − y1−q + 1
] 1
1−q
+
(x, y > 0), (9)
and satisfies x ⊘q y = 1 ⊘q (y ⊘q x), provided x
1−q ≤ 1 + y1−q, and also
x ⊘q (y ⊘q z) = (x ⊘q y) ⊗q z = (x ⊗q z) ⊘q y, provided z
1−q − 1 ≤ y1−q ≤
3
x1−q+1. These q-algebraic relations permit us to express the properties of the
q-logarithm and the q-exponential in a more compact form:
lnq(xy) = lnq x⊕q lnq y eq(x) eq(y) = eq(x⊕q y) (10)
lnq(x⊗q y) = lnq x+ lnq y eq(x)⊗q eq(y) = eq(x+ y) (11)
lnq(x/y) = lnq x⊖q lnq y eq(x)/eq(y) = eq(x⊖q y) (12)
lnq(x⊘q y) = lnq x− lnq y eq(x)⊘q eq(y) = eq(x− y) (13)
The equalities hold only under certain restrictions, as indicated in the following
table
x > 0, y > 0 x ≥q 0 or y ≥q 0
x1−q + y1−q ≥ 1 x ≥q 0 and y ≥q 0
x > 0, y > 0 y >q 0
x1−q + 1 ≥ y1−q x ≥q 0 or y ≥q 0
(14)
Here, the notation x ≥q 0 means 1 + (1 − q)x ≥ 0. Among these relations,
we call attention to Eq. (11), that shows how to q-factorize the kinetic and
potential parts of the Hamiltonian of a system (and further q-factorize each
one of them individually). It is straightforward to define a q-power,
x⊗
n
q ≡ x⊗q x⊗q x⊗q · · · ⊗q x︸ ︷︷ ︸
n times
=
[
nx1−q − (n− 1)
] 1
1−q
+
, (15)
with x⊗
n
1 ≡ xn. It follows also straightforwardly the q-sum of n identical terms
(see Eq. (7) of Ref. [23]):
x⊕q x⊕q x⊕q · · · ⊕q x︸ ︷︷ ︸
n terms
=
1
1− q
{[1 + (1− q)x]n − 1} . (16)
We call attention that this Equation may be the basis for the definition of a
different, non-commutative, q-product (that we could note⊙q): n⊙qx 6= x⊙qn,
with 1⊙q x = x and n⊙1 x = nx. There is another possibility of generalizing
the q-algebra, along nonextensive lines, recovering the distributivity, as done
in Ref. [22], following Ref. [19]. We don’t explore these possibilities in the
present work.
3 q-Calculus
We now focus on a possible q-calculus associated with NEXT. Abe [24] has
shown that the Jackson’s q-derivative, Dqf(x) ≡ [f(qx)−f(x)]/[(q−1)x], (that
is related to dilations) is intimately connected to nonextensive entropy, as the
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usual (Newtonian) derivative (that is related to translations) is connected to
Boltzmann-Gibbs entropy. But this Jackson’s operator is not the proper one
we are searching here. The usual exponential function is invariant in relation to
derivation, dy/dx = y, or, in other words, ex is eigenfunction of the derivative
operator. The q-exponential satisfies dy/dx = yq. So we can ask: what is the
operator for which the q-exponential is an eigenfunction? The answer to this
question may be found by following the steps of Kaniadakis [17,18,19]. Let us
define the q-derivative as
D(q)f(x) ≡ lim
y→x
f(x)− f(y)
x⊖q y
= [1 + (1− q)x]
df(x)
dx
. (17)
It is promptly verified that the q-exponential is eigenfunction of D(q). We have
the corresponding q-integral (noted as
∫
(q)) given by
∫
(q)
f(x) dqx =
∫
f(x)
1 + (1− q)x
dx, (18)
where
dqx ≡ lim
y→x
x⊖q y =
1
1 + (1− q)x
dx. (19)
Naturally
∫
(q) D(q)f(x) dqx = D(q)
∫
(q) f(x) dqx = f(x). Eqs. (17)–(19) are re-
stricted to 1+(1−q)x 6= 0. There is a dual derivative operator D(q), associated
with D(q), defined by
D(q)f(x) ≡ lim
y→x
f(x)⊖q f(y)
x− y
=
1
1 + (1− q)f(x)
df(x)
dx
, (20)
and its corresponding dual q-integral
∫ (q)
f(x)dx ≡
∫
[1 + (1− q)f(x)]f(x) dx. (21)
Also here
∫ (q)D(q)f(x) dx = D(q) ∫ (q) f(x) dx = f(x). Similarly to the restric-
tions of D(q) and
∫
(q), Eqs. (20) and (21) are valid if 1 + (1 − q)f(x) 6= 0. We
have D(q) lnq x = 1/x, while D
(1) lnq x =
d
dx
lnq x = 1/x
q. The usual deriva-
tive and the usual integral are obviously auto-dual. The dual q-derivatives are
related by
D(q)f(x) =
1
[1 + (1− q)x] [1 + (1− q)f(x)]
D(q)f(x). (22)
The q-derivatives follow the chain rule in the forms:
D(q)[f(x) g(x)] = D(q)[f(x)] g(x) + f(x)D(q)[g(x)] (23)
and
5
D(q)[f(x) g(x)] =
1
[1 + (1− q)f(x)g(x)]
×
{
[1 + (1− q)f(x)]D(q)[f(x)] g(x)
+ [1 + (1− q)g(x)] f(x)D(q) [g(x)]
}
.
(24)
4 Concluding Remarks
The relations presented are compact and relatively simple, though there are
many exceptions that have to be taken into account originated from the cutoff
that appears in the q-deformed exponential function (see, for instance, restric-
tions (14)), and it is of course important that we are aware of them. Despite
these limitations, it is remarkable that many phenomena seem to be fairly fit-
ted by q-exponentials, or functions that belong to its family. Examples range
over physical, biological, economical and social systems (all of them may be
classified into the category of complex systems). Besides the observation of
fair description of phenomena, there are increasingly many works on theoret-
ical developments of nonextensive ideas. Just to cite an important and very
recent example, let us mention the exact analytical results by Baldovin and
Robledo [25] about the q-Pesin identity for the dynamics at the edge of chaos
of the logistic map. For the interested reader, we give the address of the web
page [4]. Of course all these elements (mathematical framework, experimen-
tal evidence, theoretical developments) are not yet enough to be conclusive,
and many efforts have been made in order to clarify the domain of validity of
Boltzmann-Gibbs statistical mechanics, of nonextensive statistical mechanics,
or even others that might happen in nature.
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